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Abstract
The physical meaning for the quantum theory of Einstein-Maxwell action with
a cosmological constant in spherically symmetric space-time is studied in view of
the de Broglie-Bohm interpretation. The notion of trajectories is provided by this
interpretation in fully quantum region as well as semiclassical region. For typical
cases, the trajectories are shown to correspond to known types of cosmological
black holes.
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Quantum gravity theory is one of the most attractive subjects in particle physics
and cosmology. The canonical formalism of gravity has been formulated by Arnowitt,
Deser, and Misner (ADM) [1] and by Dirac [2]. The dynamics is developed for totally
constraint systems. The Hamiltonian constraint imposes the restriction on state vector,
which is the famous Wheeler-DeWitt (WD) equation [3, 4]. Many eorts have been done
to analyze this equation. Especially the black hole dynamics in spherically symmetric
geometry has been studied extensively [5, 6, 7]. In this case the gravitational and the
electromagnetic waves can not be realized, while this model can treat the geometrical
structure of space-time: black holes as local structure and expanding universe as global
one. Even in spherically symmetric case, it is not easy to solve the theory analytically,
which depends on both time and space coordinates. In order to establish this quantum
gravity theory we should explore some dicult issues. They are the followings:
(1) how to dene the factor ordering of operators in this theory [4, 8, 9],
(2) how to solve the equation and get the quantum solutions [10],
(3) how to extract space-time geometric properties from the Hilbert space of gravity
[11].
We have studied issues (1) and (2) in the Einstein-Maxwell theory with cosmological
constant in spherically symmetric space-time in our previous paper [12]. We have xed
the factor ordering of operators in order to form a closed algebra and obtained analytic
solutions of the Wheeler-DeWitt equation successfully.
In this paper, we try to study issue (3) and extract the space-time meanings using
the quantum wave function, which we have obtained in [12]. One of the best way
is to compare the quantum solutions with the classical ones. The de Broglie-Bohm
interpretation (quantum potential interpretation or pilot wave approach) is suitable for
this purpose, because this interpretation provides the notion of trajectories [13, 14, 15].
We explain the de Broglie-Bohm (dBB) interpretation in ordinary quantum mechan-
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Ψ(x; t) : (1.1)
The wave function is written in the polar coordinate as Ψ =j Ψ j exp i. The dBB
interpretation is based on the following assumptions.
(a) Notion of trajectories is dened as follows. Their momenta are identied to the







We can obtain the trajectories if this equation is solved and consider them as real particle
motions. We call them as dBB trajectories in the following.
(b) The amplitude j Ψ j2 is assumed to be the probability density of particles in a
statistical ensemble of the dBB trajectories.
These trajectories can be compared with the corresponding classical trajectories.
Furthermore we can study quantum eects quantitatively taking the dierence between
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quantum trajectories and classical ones. In this sense, this dBB interpretation is recog-
nized as the inverse procedure of the quantization, which replaces the Poisson brackets
in classical theory with the commutation relations taking account of the operator or-
dering. It is worthwhile to note that the de Broglie-Bohm trajectories don’t contradict
with the uncertainty principle, because they are aected and determined by the quantum
potential,
VQ = − h
2
2 j Ψ j
@2
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j Ψ j : (1.3)
This quantum potential is non-local in the sense that it is dened through the amplitude
of whole wave function, which reflects the uncertainty principle.
The dBB interpretation is eective especially for the quantum gravity theory be-
cause it recover the problem of time [16] and that of observation [17], which are other
problems than issues (1)-(3). Due to the general coordinate transformation invariance,
the Hamiltonian constraint is derived and the WD equation doesn’t describe the time
development (the problem of time). The dBB interpretation introduces the notion of
time through the denition of its momentum or its velocity Eq. (1.2). This recovers the
problem of time [18, 19, 20, 21]. On the other hand, in quantum gravity theory, any
observer is an element of the universe and no observer measures the quantum universe
from the outside (the problem of observation). The dBB trajectories becomes classical
ones without any observer if the quantum potential becomes negligible. Therefore the
de Broglie-Bohm interpretation lies in an unique position in the sense that it recov-
ers problems in quantum gravity providing the notion of trajectories in fully quantum
region.
This paper is organized as follows. In Sec. 2, we review the canonical quantization
of the Einstein-Maxwell theory with a cosmological constant in spherically symmetric
space-time. And then we summarize analytic solutions of the Wheeler-DeWitt equa-
tion which were obtained in our previous paper [12]. An extension is to include the
electromagnetic part, which is interesting for the extreme black holes [22] and the cos-
mological black holes [23]. This section is preliminary for the following main purpose of
this paper. In Sec. 3, we devote in the dBB interpretation for analytic solutions of the
Wheeler-DeWitt equation. In Sec. 4, we present the explicit expressions for the dBB
trajectories after xing coordinate conditions. Summary of this paper is given in Sec.
5.
2 Canonical quantization of the Einstein-Maxwell theory in
spherically symmetric space-time
In this section we give a summary of our previous work[12], where we treated the
canonical quantization of the Einstein theory with a cosmological term in four dimen-
sions. The space-time is assumed to be spherically symmetric. We xed the opera-
tor ordering of the Hamiltonian, the momentum and the mass constraints and showed
that they form a closed algebra. Then, we derived analytic solutions of wave function
which satises these constraints. Here we extend our previous model to include the
2
electromagnetic eld and derive analytic solutions of all constraints. The inclusion of
electromagnetic part will be interesting especially to examine extreme black holes [22]
and the cosmological black holes [23]. We use natural geometrical units c = h = G = 1
and adopt the convention in Kuhar’s work [6] and our work [12].
We start to consider the general spherically symmetric metric in the ADM decom-
position
ds2 = −N2dt2 + 2(dr + N rdt)2 + R2dΩ2; (2.1)
where dΩ is the line element on unit sphere, and the metrics N , N r,  and R are
the function of the time coordinate t and the radial coordinate r. The action of the







−(4)g((4)R − 2− FF ) ; (2.2)
where  denotes a cosmological term, and (4)R and (4)g are the scalar curvature and
the determinant of metrics, respectively. The electromagnetic eld strength is denoted
by F , which is also the function of only t and r. The only non vanishing component is
F01 = _A1 −A00; (2.3)
where A0 and A1 demote the components of electromagnetic eld. A dot and a prime
denote the derivative with respect to t and r. Inserting the metrics (2.1) into the action
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N−1−1R2( _A1 − A00)2] : (2.4)
We quantize momenta which are canonical to the electromagnetic eld A1 and
the metrics ; R. They are represented by functional dierential operators in the
Schro¨dinger picture
P^A(r) = −i 
A1(r)
;
P^Λ(r) = −i 
(r)
;
P^R(r) = −i 
R(r)
: (2.5)
In the following we use notation "hat" for the quantized dierential operators and we
do not express the time t explicitly, because we always treat the product of operators
at the same time.
3
A. Constraint equations
In the action (2.4), there arise the following constraint equations which are under-
stood as the equations operating on the wave function Ψ in the quantum theory
H^Ψ = 0 ;
H^rΨ = 0 ;
H^AΨ = 0 ;
(M^ −m)Ψ = Ψ : (2.6)
The rst and second equations are the Wheeler-DeWitt (WD) equation (Hamiltonian
constraint) and the momentum constraint in spherically symmetric geometry, and the
third one is the Gauss law equation. The fourth one is the mass constraint equation
where m is interpreted as a mass of quantum black hole.
B. The operator ordering of constraint equations
In the quantum theory, the operator ordering is important. We x the ordering
so that they form a closed algebra. The Hamiltonian, the momentum and the mass












0P^R − (P^Λ)0 ;
H^A = −P 0A
M^ −m = 1
2
R−1P^ (A)Λ P^Λ −
1
2
R(− F ) : (2.7)
where
  −2R02 ;














































The ordering function A is chosen as
A = AZ(Z) A(R; ) ; (2.11)







d f(R; ); (2.12)
with the relation




dxx−3=2 f(R; x) :
The ordering of mass operator M^ is determined so that it satises the relation
(M^)0 = −−1R0H^ −R−1P^ (B)Λ −1H^r : (2.13)
With the above operator orderings, we can show that operators H^ , H^r, M^ form a closed
algebra, and also that M^ is a conserved quantity, which was shown in [12]. It should be
noted that the functional Z has a special property such that









= 0 : (2.14)
C. Solutions of constraint equations
The wave function Ψ is a functional of the electromagnetic eld A1 and the metrics
; R. The wave function is assumed to be in the separable form
Ψ = ΨA[A1]ΨG[; R] : (2.15)
(C-1) Solution for H^AΨA[A] = 0 .
The Gauss law H^AΨA[A] = 0 corresponds to the charge conservation. This constraint
is solved trivially
P^AΨA = QΨA ;
ΨA[A] = exp(i
∫
dr QA1(r)) ; (2.16)
where Q is the eigenvalue of the conserved charge.
(C-2) Solution for H^rΨG[; R] = 0.
Thanks to (2.14), the solution of the momentum constraint is an function of Z as
ΨG = ΨG(Z) : (2.17)
(C-3) The solution of the Hamiltonian and the mass constraints.
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From Eq.(2.13), we see that if ΨG(Z) satises the mass constraint, it satises the
Hamiltonian constraint simultaneously. Thus, we consider the mass constraint in below.
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√
− F (R) ; (2.18)








+ ΨG = 0 : (2.19)





















We choose another ordering factor AZ in Eq. (2.11) such that the solution of the
equation (2.19) becomes a special function.
(i) Bessel type solutions
As a simpler case, we take AZ = Z
2−1. Then, solutions of Eq. (2.19) are given by
the Hankel (or Bessel) functions as
Ψ
()
G (Z) = Z
 (b1 H
(1)
 (Z) + b2 H
(2)
 (Z)) ; (2.21)
where b1 , b2 are integration constants.
(ii) Hypergeometric type solutions
If we choose AZ = Z
(Z − 1), solutions are given by hypergeometric function as
Ψ
(;)
G (Z) = Z
+1(Z − 1)+1 (a1F (; ; γ; Z)
+a2Z
1−γF (− γ + 1;  − γ + 1; 2− γ; Z)
)
; (2.22)
where a1 and a2 are integration constants, and ,  and γ are given by
 =  +  + 2 ;  +  =  +  + 3 ; γ =  + 2 : (2.23)
In the following sections, we shall discuss the meaning of the wave functions obtained
above by using the de Broglie-Bohm interpretation.
6
3 de Broglie-Bohm interpretation
In this section, we give the physical meaning of the wave function by using the dBB
interpretation. The dBB interpretation gives the trajectory which is called the dBB
trajectory. We explain how the dBB interpretation gives the trajectories.
We express the wave functions in the polar coordinate as
Ψ(Z) =j Ψ(Z) j exp (i(Z)) : (3.1)
Then, following Eq.(1.2), canonical momenta PΛ, PR and PA with respect to , R and
A1 are identied the derivatives of the phase. By using fact that the phase depends only





































= Q ; (3.2)
where f = R
√
− F (R) with  = r02−2. Thus, we obtain the equations to determine
the dBB trajectories as












_A1 − A00 = QNR−2 : (3.5)
These are dierential equations with respect to time and the radial coordinate. We can
estimate the quantum eects by comparing the dBB trajectories with the classical ones.
If the dierence between them becomes negligible, we assert that the quantum system
reduces to the classical one spontaneously, i.e. the classical system is realized without
any observer.
First, we observe that the dBB equation for the electromagnetic part in Eq. (3.5) is
the same as the classical relation.
Next, we consider the gravitational part. By taking the ratio of Eq. (3.4) to Eq.
(3.3), we nd
R( _− (N r)0) + ( _R− R0N r)






















This relation is independent on the explicit functional form of the phase factor and thus
the quantum potential that usually enters though the phase. Together with Eq. (3.8),
we consider Eq. (3.3) as the equation to determine the dBB trajectory, which depends
on the functional form of .
In order to determine the dBB trajectory we have to specify the wave function, which
we adopt the Bessel type solution with b1 = 0 in Eq. (2.21),
ΨG(Z) = b2Z
H(2) ; (3.8)
This solution is suitable because the boundary condition is easily imposed and thus it
is easy to derive the physical meaning of the wave function. This wave function satises
the Vilenkin’s boundary condition [24], because the time derivative of the metric R
becomes positive. It may be worthwhile to comment that if b1 = b2 or b1 = −b2, the
wave function is real or purely imaginary, the dBB trajectory does not exist. If we take
b2 = 0, the sign of the phase is opposite to the above case (3.8) and the time is reversed.
For the wave function (3.8), we can calculate d=dZ analytically by using the relation
H(2) dH
(1)





Z j H(2) (Z) j2
! −1 for Z !1 : (3.9)
The dBB equations contains N , N r, R, R0 and . Therefore, we have to specify N r
(the gauge condition), and synchronize R to t and r, .e., the condition for R0 and _R
(the coordinate condition). We call these conditions the gauge xing condition. Then,
the lapse function N is determined through the dBB equations.
4 The de Broglie-Bohm trajectory
As for the shift vector, we take N r = 0, and for R0 we take that   r02=2 dened
in Eq. (2.8) is a function of only R,
N r = 0 ;
  R02−2 = (R) : (4.1)
The functional form of  and also _R is specied later. The above xing condition on R0
is suitable to discuss a wide class of the dBB trajectory.
With these xings (4.1) and (4.2), the function dened in f (2.18) becomes a function









= 0 : (4.2)
The solution is given by
f = c0(r)R ; (4.3)
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where c0(r) is the integration constant.
Then from Eq.((2.18), we have which determine the functional form of 
 =
√
(R)− F (R)=c0(r) : (4.4)






(R)((R)− F (R))=c0(r) : (4.5)





where ndBB is a function of ZdBB and it is given for the Bessel type wave function as
ndBB =
ZdBB j H(2) (ZdBB) j2
2
! 1 for ZdBB !1 : (4.7)
In the following, we discuss the dBB trajectory by xing the functional form of (R)
and _R.
Case A: (R) = F (R)
This is a special case where f = 0 and Eqs. (4.4) and (4.5) do not apply. From Eqs.
(3.3) and (3.4) with N r = 0, we nd
_ = _R = 0 : (4.8)
This means that there is no dynamical evolution. This fact can also be understood by
observing that the integrand of Z vanishes and thus the wave function becomes constant.
The metric  is determined by the coordinate condition as
 = R0F (R)−1=2 : (4.9)
Now we require R0 = R, .e., R = exp r = . Then, we nd
ds2dBB = −N2dt2 + F (R)−1d2 + 2dΩ2 : (4.10)
The lapse function N is not xed. If we take N =
√
F (R), the dBB trajectory represents
the static Reissner-Norstrom-de Sitter metric.
Case B: Case of (R) = 0
We take the integration constant as c0(r) = 1. From Eq. (4.5), we have R
0 = 0 and the
metric  is given by Eq. (4.4) as
 =
√
−F (R) : (4.11)
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for ZdBB !1 ; (4.12)




2 − F (R)dr2 + t2dΩ2 : (4.13)
The argument of the wave function becomes
ZdBB = −
∫
drRF (R) = −RF (R)R0 ; (4.14)
where R0 is the world size. For large r, the metric approaches to the inside geometry of
the Schwarzschild black hole which is discussed in refs. [21, 25] when Q =  = 0 and of
the Reissner-Nordstrom-de Sitter black hole which is discussed in ref. [26]. These are
the generalization of the Kantowski-Sachs metric [27].
Case C: (R) = 1− 2m=R + Q2=R2
We take the integration constant of Eq. (4.3) as c0 =
√
=3. Then the metric  is















Then we nd R as












t + r)  a(t) ; (4.18)
where x is a cosmological coordinate. Here the scale factor of the de Sitter universe
is denoted by a(t) = exp (
√
=3 t) and the radial coordinate in its isotropic form by


















)−1 for ZdBB !1 : (4.19)
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(dr2 + dΩ2) :
(4.20)





















In the following, we consider some limiting cases.
For m = Q = 0, the asymptotic form of the line element is that of the de Sitter
universe
ds2dBB = −n2dBBdt2 + x2(dr2 + dΩ2)
= −n2dBBdt2 + a(t)2(d2 + 2dΩ2): (4.22)
where a(t) is the scale factor of the de Sitter universe. The Bessel type wave function
of order  = 1=3 (the Airy function) was discussed in ref. [28] with the argument
Z =
∫
d2a(t)3 = a(t)3V0 ; (4.23)
where V0 is the world volume. This argument is dierent from our ZdBB by the presence
of the second term in Eq.(4.19). This is due to the limiting procedure: in our case,
the cosmological isotropic metric is taken after quantization, while it is taken before
quantization in ref.[28].
For m = Q 6= 0, the line element is
ds2dBB ! −(1 +
m
x
)−2dt2 + a(t)2(1 +
m
x
)2(d2 + 2dΩ2) ; (4.24)
where x = a(t) is denoted in Eq. (4.18). This is called the extreme black holes and the
classical solution of the cosmological black holes of the Majumdar-Papetrou geometry,
which is discussed in ref. [23].
Case D: (R) = −
3
R2
We take the integration constant of Eq. (4.3) as c0 = 1 and we adopt the coordinate
condition as R0 =
√
=3 _R. Then, this case becomes similar to the case C by exchanging
t and r. Explicitly, we nd














where y = exp(t +
√















2 + dΩ2) :
(4.26)
The argument ZdBB is derived from Eq.(2.20).





From the space-time condition, we nd




t + r)  a(t) : (4.27)






F (R)2 + 4R2) : (4.28)
The metrics  and N are obtained from Eqs. (4.4), (4.5) and (4.6) and resultantly the














The argument ZdBB is derived from Eq.(2.20). This is the cosmological black hole
metrics in its standard form, which is compared with case C in isotropic form.
By imposing the gauge condition for N r and coordinate conditions for R0 through
the choice of  and _R, the dBB trajectory is in general xed and approaches to various
classical solutions in the asymptotic region. These classical solutions are related by
general coordinate transformations. Among general coordinate transformations, special
one is space-time dual transformation for N r = 0:
r ! t ; t! r ;  ! iN and N ! −i : (4.30)
Under this transformation, the action (2.4) is invariant and classical solutions (asymp-
totic forms) are related each other:
caseA$ caseB and caseC $ caseD : (4.31)
However quantum theory is not covariant under the general coordinate transformation
and then the quantum eects appear dierently for each coordinate system.
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5 Summary
We have studied the canonical quantum theory of the Einstein-Maxwell model with
a cosmological term in spherically symmetric space-time in view of the de Broglie-Bohm
interpretation. We summarize the result.
(1) The de Broglie-Bohm interpretation was applied to the wave function. By xing
gauge and coordinate conditions which determine t and r dependence of R, various dBB
trajectories which reduce to classical solutions in the asymptotic limit are obtained. We
obtained the metrics of the static Schwarzschild black hole and the expanding de Sitter
universe and other classes of known metrics.
(2) The dBB interpretation enables us to extract the space-time geometric properties
from the quantum wave functions naturally.
(3)It may be worthwhile to note that the quantum theories depend on when the gauge
xing is taken, i.e., after the quantization or before the quantization. It is demonstrated
by the explicit example of the de Sitter universe (the case (C-1) in Sec. 4) as we compare
Eq. (4.21) or (4.23).
Up to now, we used the gauge xing N r = 0 for the shift vector. Here we present
an example of the nonzero shift vector:
N r = N= and R = t : (5.1)
This gauge xing and the coordinate condition are applied to obtain the dBB trajectory.
We consider f =




















= 0 : (5.4)
By noticing that _R = 1, we nd
 =
p−F : (5.5)
Thus the semiclassical metrics are
ds2dBB = −Fdr2 + 2
ndBB
F
dtdr + t2dΩ2 (5.6)
where the function F and ndBB are given in Eq. (2.8) and (4.7), respectively. This
asymptotic metric corresponds to the Vaidya metric when we exchange t and r.
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There may be some interesting problems remained.
(i) The quantum theory of extreme black holes may be very important [22] especially
in case of the extreme cosmological black holes [23].
(ii) If we take into account the scalar elds, we can be study the quantum eects of
gravity and matter eld simultaneously. In this case, the Hawking radiation will be
studied in more detail [29].
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